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Introduction

Definition
A C*-algebra A is a structure (A, +, ., ., %, ||||) such that
Q@ (A, +,.,.,|lll) is a Banach algebra over C,
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Introduction

Examples

@ For a locally compact Hausdorff space X, the space Co(X) with
f.g(x) = f(x)g(x),

F(x) = f(x),

[f]] = sup{f(x) : x €

is a commutative C*-algebra.

X}?
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Theorem (Gelfand)

Every commutative C*-algebra is *-isomorphic to Co(X), for a locally
compact Hausdorff space X.
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Introduction

Almost disjoint families

Recall that an almost disjoint family D = {D,, : @ < w1} C P(N) is called
Luzin if for every « < w3 and n € N

{8 <a:DyNDgC n}

is finite.
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Introduction

Almost disjoint families

Recall that an almost disjoint family D = {D,, : @ < w1} C P(N) is called
Luzin if for every « < w3 and n € N

{8 <a:DyNDgC n}
is finite.

Facts

e There are Luzin families in ZFC.

e There are no separations of uncountable subfamilies i.e., given two
disjoint uncountable D', D" C D there is no X C N such that A C* X and
BNX=*(forall Ac D' and B € D".
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e p € Ais a projection if p> = p* = p.
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Fix an orthonormal basis {e, : x € N} for ¢5. For every A C N let Py
denote the projection on the closed subspace spanned by {e, : n € A}.

PaPg € K({2) <= AN B € Fin. J

Definition (Wofsey)

For a Hilbert space H, a family P of noncompact projections of B(#) is
called almost orthogonal if the product of any two distinct elements is
compact.
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Introduction

e SOME APPLICATIONS

Saeed Ghasemi (Prague) Almost disjoint families and C*-algebras 31 January 2018 7 /30



lifting projections of the Calkin algebra

Saeed Ghasemi (Prague) Almost disjoint families and C*-algebras 31 January 2018 8 /30



lifting projections of the Calkin algebra

C(H) = B(H)/K(H) := The Calkin algebra.

Saeed Ghasemi (Prague) Almost disjoint families and C*-algebras 31 January 2018 8 /30



lifting projections of the Calkin algebra
C(H) = B(H)/K(H) := The Calkin algebra.
Fact
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C(H) = B(H)/K(H) := The Calkin algebra.
Fact

Every countable commuting family of projections of the Calkin algebra can
be simultaneously lifted to a family of commuting projections in B(H).

Theorem (Anderson, 1979)

Under CH there is an uncountable family P of commuting projections in
the Calkin algebra such that no uncountable P; C P can be
simultaneously lifted to a family of commuting projections in B(H).
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lifting projections of the Calkin algebra
C(H) = B(H)/K(H) := The Calkin algebra.

Fact

Every countable commuting family of projections of the Calkin algebra can
be simultaneously lifted to a family of commuting projections in B(H).

Theorem (Anderson, 1979)

Under CH there is an uncountable family P of commuting projections in
the Calkin algebra such that no uncountable P; C P can be
simultaneously lifted to a family of commuting projections in B(H).

Theorem (Farah 2006, Bice-Koszmider 2016)

There are N1 orthogonal projections in the Calkin algebra such that no

uncountable subset can be simultaneously lifted to commuting projections
in B(H).

v
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Sketch of the proof

Fix a dense set of operators {K, : n € N} C K(H) and 0 < e < 1/2.
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Sketch of the proof

Fix a dense set of operators {K, : n € N} C K(H) and 0 < e < 1/2.
Recursively construct a (Luzin-like) family of projections {P¢ : { < w1} in
B(H):
Q P¢P, € K(H) for all £ # n,
@ for every o < wy and for all n, the set of all 5 < « such that
[(Pa = Kn)(Pg — Kn) — (Ps — Kn)(Pa — Kp)|| <€

is finite.
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Sketch of the proof

Fix a dense set of operators {K, : n € N} C K(H) and 0 < e < 1/2.
Recursively construct a (Luzin-like) family of projections {P¢ : { < w1} in
B(H):

Q P¢P, € K(H) for all £ # n,

@ for every o < wy and for all n, the set of all 5 < « such that

[(Pa = Kn)(Pg — Kn) — (Pg — Kn)(Pa — Kn)|| <€
is finite.

= No uncountable subset of {P¢ : £ < w;} can be perturbed by compact
operators to commuting ones.
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Scattered C*-algebras

Definition
A locally compact space K is called scattered if every nonempty subset of
K has an isolated point.

Saeed Ghasemi (Prague) Almost disjoint families and C*-algebras 31 January 2018 10 / 30



Scattered C*-algebras

Definition

A locally compact space K is called scattered if every nonempty subset of
K has an isolated point. Equivalently every continuous image of K has an
isolated point.

Saeed Ghasemi (Prague) Almost disjoint families and C*-algebras 31 January 2018 10 / 30



Scattered C*-algebras
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Definition (Cantor-Bendixon Derivatives)

o K1) = K’ be the set of all non-isolated points of K,
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Definition (Cantor-Bendixon Derivatives)

o K1) = K’ be the set of all non-isolated points of K,
o Klatl) — k(a)

o KO — ﬂa«y K@), for limit ordinal ~.
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Scattered C*-algebras

Definition

A locally compact space K is called scattered if every nonempty subset of
K has an isolated point. Equivalently every continuous image of K has an
isolated point.

Definition (Cantor-Bendixon Derivatives)

o K1) = K’ be the set of all non-isolated points of K,
o Klatl) — k(a)

o KO — ﬂa<7 K@), for limit ordinal ~.

K is scattered iff for for an ordinal ht(K) (the height of K) such that
Kht(K) = ¢

o The width of K is the supremum of the cardinality of K(%) \ K(o+1)
for a < ht(K).
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Scattered C*-algebras

e Scattered C*-algebras
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@ In B(H) minimal projections are projections onto one dimensional
subspaces.
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Scattered C*-algebras

Definition
isolated points «~ minimal projections
A projection p in A is called minimal if pAp = Cp.

@ In B(H) minimal projections are projections onto one dimensional
subspaces.

@ In C(X) minimal projections correspond to the characteristic
functions of isolated points of X.

Definition

A C*-algebra A is called scattered if every nonzero subalgebra B C A, has
a minimal projection. Equivalently every non-zero x-homomorphic image
of A has a minimal projection,

Wojtaszczyk 1974, Huruya 1978, H. Jensen 1977-83, H.X. Lin 1989,
C. Chu, 1981-82, 94, Kusuda 2010, 2012.
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Scattered C*-algebras

For a C*-algebra A, let Z*(A) denote the x-subalgebra of A generated by
its minimal projections.
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Scattered C*-algebras

For a C*-algebra A, let Z*(A) denote the x-subalgebra of A generated by
its minimal projections.
Theorem
Suppose that A is a C*-algebra.
@ T"%(A) is an ideal of A,

@ T"%(A) is isomorphic to a subalgebra of K(H) of compact operators
on a Hilbert space H,

© T(A) contains all ideals of A which are isomorphic to a subalgebra
of K(H).
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Scattered C*-algebras

The Cantor-Bendixson composition series

Suppose A is a scattered C*-algebra. We define the Cantor-Benndixson
sequence (Za)a<ne(A) of ideals of A by induction:
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Scattered C*-algebras

The Cantor-Bendixson composition series

Suppose A is a scattered C*-algebra. We define the Cantor-Benndixson
sequence (Za)a<ne(A) of ideals of A by induction:

4 IO = {0}, Iht(A) = A,
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Scattered C*-algebras

The Cantor-Bendixson composition series

Suppose A is a scattered C*-algebra. We define the Cantor-Benndixson
sequence (Za)a<ne(A) of ideals of A by induction:

© Zo = {0}, Zpe(a) = A,
0 Toi1/To = TM(A/T,), for a < ht(A),
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Scattered C*-algebras

The Cantor-Bendixson composition series

Suppose A is a scattered C*-algebra. We define the Cantor-Benndixson
sequence (Za)a<ne(A) of ideals of A by induction:

© Zo = {0}, Zpe(a) = A,
0 Toi1/To = TM(A/T,), for a < ht(A),

o If v is a limit ordinal let Z, = ., Za-
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Scattered C*-algebras

Examples
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Scattered C*-algebras

Examples

e K(H),
e Co(K), for K scattered locally compact Hausdorff space,
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Scattered C*-algebras

Examples

e K(H),
e Co(K), for K scattered locally compact Hausdorff space,

@ noncommutative analogues of scattered Co(K).
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Scattered C*-algebras JRUENVENGREIEEEN

e W-type C*-algebras
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Scattered C*-algebras JRUENVENGREIEEEN

W-spaces (Mréwka-Isbell spaces)

Let D = {A¢ : £ < Kk} be an almost disjoint family of subsets of N.
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The W(D) is the space NUD, where all elements of N are isolated and the
basic neighborhoods of A¢ € D are of the form {A¢} U A¢ \ F for some

finite set F C N.
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The W(D) is the space NUD, where all elements of N are isolated and the
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finite set F C N.

V(D) is a separable, scattered space of height two. J
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Scattered C*-algebras JRUENVENGREIEEEN

W-spaces (Mréwka-Isbell spaces)

Let D = {A¢ : £ < Kk} be an almost disjoint family of subsets of N.

The W(D) is the space NUD, where all elements of N are isolated and the
basic neighborhoods of A¢ € D are of the form {A¢} U A¢ \ F for some
finite set F C N.

V(D) is a separable, scattered space of height two. J

Faithfully represent Co(W(D)) in B(¢2), by 7 : Co(V(D)) — B({2)

m(X{n}) = Proj span{en},
m(xa.) = Proj span{e, : n € A¢}.
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Scattered C*-algebras JRUENVENGREIEEEN

W-spaces (Mréwka-Isbell spaces)

Let D = {A¢ : £ < Kk} be an almost disjoint family of subsets of N.

The W(D) is the space NUD, where all elements of N are isolated and the
basic neighborhoods of A¢ € D are of the form {A¢} U A¢ \ F for some
finite set F C N.

V(D) is a separable, scattered space of height two. J

Faithfully represent Co(W(D)) in B(¢2), by 7 : Co(V(D)) — B({2)

m(X{n}) = Proj span{en},
m(xa.) = Proj span{e, : n € A¢}.

Let P = W(XAE).
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Scattered C*-algebras JRUENVENGREIEEEN

o Ap = m[C(V(D))] is the commutative C*-algebra generated by
{Pe: & <K} and g C K(42).
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Scattered C*-algebras JRUENVENGREIEEEN

o Ap = n[C(V(D))] is the commutative C*-algebra generated by
{Pe: & <K} and g C K(42).
e For £ # 1, we have P:P, € K({2), since Ac N A, is finite.

@ We have

I = co, T>/T1 = co(k), I = Go(V(D)).
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Scattered C*-algebras JRUENVENGREIEEEN

o Ap = n[C(V(D))] is the commutative C*-algebra generated by
{Pe: & <K} and g C K(42).
e For £ # 1, we have P:P, € K({2), since Ac N A, is finite.

@ We have
T = ¢, Ty /11 = co(k), I = G(V(D)).

Hence
0— co = G(V(D)) = co(k) — 0,
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Scattered C*-algebras [ERUEINGRERIFE

o Ap = n[C(V(D))] is the commutative C*-algebra generated by
{Pe: & <K} and g C K(42).
e For £ # 1, we have P:P, € K({3), since Ac N A, is finite.

@ We have
T = ¢, Ty /11 = co(k), I = G(V(D)).

Hence
0— co = G(V(D)) = co(k) — 0,

We would like to obtain a non-commutative version of this phenomena,
i,e, a C*-algebra A C B(¢2) which contains K(¢3) as an (essential) ideal
and satisfies

0= K(f) = AT K(la(r)) — 0.
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Scattered C*-algebras JRUENVENGREIEEEN

In order to build such A,
e Start with Ap,
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Scattered C*-algebras JRUENVENGREIEEEN

In order to build such A,
e Start with Ap,
e add K(4p),
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Scattered C*-algebras JRUENVENGREIEEEN
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@ add partial isometries to {P¢ : £ < ¢} sending the projection P¢ to P,
for each pair £, < ¢, i.e., elements T, of B(¢2) such that
TenTg, = Peand T Tey = Py

A is simply subalgebra of B(¢3) generated by 7 = {T¢, : {,n < s} and
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Scattered C*-algebras JRUENVENGREIEEEN

In order to build such A,
e Start with Ap,
e add K(4p),
@ add partial isometries to {P¢ : £ < ¢} sending the projection P¢ to P,
for each pair £, < ¢, i.e., elements T, of B(¢2) such that
TenTg, = Peand T Tey = Py

A is simply subalgebra of B(¢3) generated by 7 = {T¢, : {,n < s} and
the compact operators KC(£2). J

Let's denote A with A(T).
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Definition
Wesay T ={T¢y : &, < v} C B(l2(r)) is a system of matrix units if
and only if for every a, 5,£, 17 < K,

*
(1) T = Tg m
° Tﬁ a Tng=OanTpe. )
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Definition
Wesay T ={T¢y : &, < v} C B(l2(r)) is a system of matrix units if
and only if for every a, 5,£, 17 < K,

0T = Tgn,

o Tﬁa = danTpe

Fact

A C*-algebra generated by a system of matrix units {T¢, : {,n < K} is
isomorphic to K(2(k)).
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Definition
Wesay T = {T¢, : &,n <k} C B(lp) is a system of almost matrix units if
and only if for every a, 5,&, 17 < K,

Q T, — T¢, is a compact operator,

Q@ T30 Tye — OayyTpe is a compact operator.

Saeed Ghasemi (Prague) Almost disjoint families and C*-algebras 31 January 2018 21 /30



Scattered C*-algebras JRUENVENGREIEEEN

Definition
We say T = {T¢, : &,n < K} C B({2) is a system of almost matrix units if
and only if for every a, 5,&, 17 < K,

° T;,& — T¢, is a compact operator,

Q@ T30 Tye — OayyTpe is a compact operator.

A(T) is a scattered C*-algebra of height 2.
T =K(6), Lo)Iy = K(la(r)), Zo=A(T).

And
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Definition
We say T = {T¢, : &,n < K} C B({2) is a system of almost matrix units if
and only if for every a, 5,&, 17 < K,

° T;,& — T¢, is a compact operator,

Q@ T30 Tye — OayyTpe is a compact operator.

A(T) is a scattered C*-algebra of height 2.
T =K(6), Lo)Iy = K(la(r)), Zo=A(T).

And
0 — K(lp) < A(T) 5 K(La(r)) — 0.
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Theorem (Mréwka)

There is a maximal almost disjoint family D of size ¢, such that

1B(V(D))\ ¥(D)| = 1.
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Theorem (Mréwka)

There is a maximal almost disjoint family D of size ¢, such that

1B(V(D))\ ¥(D)| = 1.

Compactifications «~ Unitizations
One-point Compactification «~» The (minimal) unitization
Cech-Stone Compactification «~ Multiplier algebra

Theorem ( G., Koszmider, 2016)

There is a system of almost matrix units S of size ¢ such that A(S) has
the property that the multiplier algebra M(A(S)) of A(S) is isomorphic
to the (minimal) unitization of A(S),
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Theorem (Mréwka)

There is a maximal almost disjoint family D of size ¢, such that

1B(V(D))\ ¥(D)| = 1.

Compactifications «~ Unitizations
One-point Compactification «~» The (minimal) unitization
Cech-Stone Compactification «~ Multiplier algebra

Theorem ( G., Koszmider, 2016)

There is a system of almost matrix units S of size ¢ such that A(S) has
the property that the multiplier algebra M(A(S)) of A(S) is isomorphic
to the (minimal) unitization of A(S), i.e., M(A(S))/A(S) = C.
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A C*-algebra A is called stable, if A® K(42) = A.
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Definition
A C*-algebra A is called stable, if A® K(42) = A. J

@ For any infinite-dimensional Hilbert space H, K(H) is stable, since

K(H) ® K(£2) = K(H ® £2) = K(H).
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Scattered C*-algebras JRUENVENGREIEEEN

Definition
A C*-algebra A is called stable, if A® K(42) = A. J

@ For any infinite-dimensional Hilbert space H, K(H) is stable, since
K(H) @ K(f) = K(H ® £) = K(H).
@ The Mréwka C*-algebra A(S) is not stable, since

However M(.A(S)) does not contain a copy of B(¢2).
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Extensions of C*-algebras

Saeed Ghasemi (Prague) Almost disjoint families and C*-algebras 31 January 2018 24 / 30



Scattered C*-algebras JRUENVENGREIEEEN

Extensions of C*-algebras

Fact

It is well-known (Brown- Douglas-Fillmore) that for an extension

0= K() 2> ADB—0

for separable A and B, the C*-algebra A is stable if and only if B is stable.
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Extensions of C*-algebras

Fact

It is well-known (Brown- Douglas-Fillmore) that for an extension
0= K() 2> ADB—0

for separable A and B, the C*-algebra A is stable if and only if B is stable.

Not true for non-separable C*-algebras, since

0 — K(f) & A(S) & K(£a2(c)) — 0.
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A locally compact scattered space K is called thin-tall if ht(K) = w1,
wd(K) = w.
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A locally compact scattered space K is called thin-tall if ht(K) = w1,
wd(K) = w.
@ In 1978 Juhasz abd Weiss showed the existence of a compact thin-tall
space.
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A locally compact scattered space K is called thin-tall if ht(K) = w1,
wd(K) = w.
@ In 1978 Juhasz abd Weiss showed the existence of a compact thin-tall

space.
@ Simon and Weese were first to construct two nonisomorphic compact

thin-tall spaces.
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A locally compact scattered space K is called thin-tall if ht(K) = w1,
wd(K) = w.
@ In 1978 Juhasz abd Weiss showed the existence of a compact thin-tall
space.

@ Simon and Weese were first to construct two nonisomorphic compact
thin-tall spaces.

e Dow and Simon showed that in ZFC, there are 2 (as many as
possible) pairwise non-isomorphic compact thin-tall spaces.
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Definition
A C*-algebra A is called fully noncommutative thin-tall if there is a
sequence of ideals (Z,)qa<u, Of A is such that
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A C*-algebra A is called fully noncommutative thin-tall if there is a
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© Z.+1/Z, is an essential ideal of A/Z,,

Saeed Ghasemi (Prague) Almost disjoint families and C*-algebras 31 January 2018

27 / 30



LU WO - YC Il Thin-tall C*-algebras

Definition
A C*-algebra A is called fully noncommutative thin-tall if there is a
sequence of ideals (Z,)qa<u, Of A is such that

Q@ 7,={0},7,,= A Z, CZy fora <o <wi,

Q I, = m for all limit ordinals A < wq,

For every o < wy
© Z.+1/Z, is an essential ideal of A/Z,,
o Ia+1/Ia = ’C(EZ)-

Saeed Ghasemi (Prague) Almost disjoint families and C*-algebras 31 January 2018

27 / 30



LU WO - YC Il Thin-tall C*-algebras

Definition
A C*-algebra A is called fully noncommutative thin-tall if there is a
sequence of ideals (Z,)qa<u, Of A is such that

Q@ 7,={0},7,,= A Z, CZy fora <o <wi,

Q I, = m for all limit ordinals A < wq,

For every o < wy
© Z.+1/Z, is an essential ideal of A/Z,,
o Ia+1/Ia = ’C(EZ)-

Saeed Ghasemi (Prague) Almost disjoint families and C*-algebras 31 January 2018

27 / 30



LU WO - YC Il Thin-tall C*-algebras

Definition
A C*-algebra A is called fully noncommutative thin-tall if there is a
sequence of ideals (Z,)qa<u, Of A is such that
Q@ 7,={0},7,,= A Z, CZy fora <o <wi,
Q I, = m for all limit ordinals A < wq,
For every o < wy
© Z.+1/Z, is an essential ideal of A/Z,,

o Ia+1/Ia = IC(EZ) y

Theorem (G, Koszmider, 2017)
There are at least two non-isomorphic fully noncommutative thin-tall
C*-algebra, a stable one and a non-stable one.
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The idea

Construct a Luzin-like sequence (Ay)a<w, of C*-subalgebras of B(¢) such
that

Saeed Ghasemi (Prague) Almost disjoint families and C*-algebras 31 January 2018 28 / 30



Thin-tall C*-algebras
The idea

Construct a Luzin-like sequence (Ay)a<w, of C*-subalgebras of B(¢) such
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Thin-tall C*-algebras
The idea

Construct a Luzin-like sequence (Ay)a<w, of C*-subalgebras of B(¢) such
that
o A, = K(l)
o they are pairwise almost orthogonal, i.e., AA’ =X 0 for all A € A,,
A € Ay forany a < o < wi,
@ Given any two uncountable X, Y C w; and any choice of A, € A, for
a € X and Bg € Ag for § € Y there is no projection P € B(¢5)
satisfying

PA, =X A, forall € X and PBs=Fo0forall e Y.
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The idea

Construct a Luzin-like sequence (Ay)a<w, of C*-subalgebras of B(¢) such
that

o A, = K(l)
o they are pairwise almost orthogonal, i.e., AA’ =X 0 for all A € A,,
A € Ay forany a < o < wi,
@ Given any two uncountable X, Y C w; and any choice of A, € A, for

a € X and Bg € Ag for § € Y there is no projection P € B(¢5)
satisfying

PA, =X A, forall € X and PBs=Fo0forall e Y.

@ however, for every a < wj there is a projection P, € B(¢2) such that
for every A € (Ug, Ap and every B € (J, 5, Ap we have

K K
PA, =" A, and PBg="0.
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Thank you
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